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1 Introduction and Motivation

Many decision problems can be formulated mathematically as linear optimization
problems: we seek the best solution — measured by a linear objective function —
subject to certain linear inequalities and equations.

Production: What quantities of different products should be manufac-
tured to maximize profit, subject to capacity constraints?

Logistics: How can transportation routes be planned to minimize costs?

Finance: How can a portfolio be constructed to maximize return for a
given level of risk?

Diet planning: How can foods be combined so that all nutritional re-
quirements are met at minimum cost?

The Simplex method (Simplex Algorithm), developed by George B. Dantzig in
1947, is the classical procedure for solving such problems. To this day, it remains one
of the most widely used optimization methods in practice.

2 Fundamental Concepts of Linear Programming

2.1 The General Linear Program

Definition: Linear Program (LP)

A linear program (LP) has the form:

Maximize (or Minimize) 2z = cjxq + coxa + -+ + Ty, (1)
subject to a;1T1 + Q09 + -+ + Qi S bi7 = 1, ..., M (2)
r; >0, j=1,...,n (3)

where c;, a;;,0; € R are given constants and x; > 0 denote the decision vari-
ables.

In matrix notation the LP reads:

max ¢'x unter Ax < b, x>0

mit c € R", x € R", A € R™*", b € R™.



2.2 Key Definitions

Definition: Feasible Region and Optimal Solution

e An assignment (zy,...,x,) is called feasible if it satisfies all constraints
(2) and non-negativity conditions (3).

e The set of all feasible assignments is called the feasible region F.

e A feasible assighment x* is an optimal solution if ¢'x* > c¢'x for all
x € F (maximization).

Definition: Convex Set and Vertex

o Aset F CR"isconvexifforallx,y € Fand A € [0,1]: Ax+(1-\)y € F.

e A point x € F is a vertex (or extreme point) if it cannot be expressed as
a proper convex combination of two other points in F.

The feasible region of an LP is always a convex polytope — the intersection of
finitely many half-spaces.

3 Geometric Interpretation (2 Variables)

Fiir den Fall n = 2 lasst sich das LP anschaulich in der Ebene darstellen.

3.1 Example: Geometric Solution

A company produces two products P, and P,. The contribution margin is 5 units
per unit of P, and 4 units per unit of P,. The following capacity constraints

apply:
max z = 5x1 + 4xs

6z + 4xe < 24 (machine capacity)
1+ 229 <6 (storage capacity)

1,22 >0
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The vertices of the feasible region F are O = (0,0), (4,0), (3,1.5) and (0,3). The
optimum is at vertex (3,1.5) with z* =5-3+4-1.5=19.5.

3.2 Fundamental Theorem of Linear Programming

Theorem 1: Fundamental Theorem of LP

Let the LP be feasible and bounded. Then:
1. The feasible region F is a convex set.
2. An optimal solution always exists at a vertex of F.

3. If F is non-empty and bounded, the LP has a finite optimal solution.

Proof. (1): Each constraint a; x < b; defines a convex half-space. The intersection of
convex sets is convex.

(2): Let x* be optimal but not an extreme point. Then there exist u,v € F with
u# v and A € (0,1) such that x* = Au+ (1 — A\)v. By linearity of the objective:

c'x*=M"u+(1-Nc'v

T T %

Hence at least one of ¢'u or c'v is at least as large as ¢'x* — so an equally good
solution exists at an extreme point. Repeating this argument always leads to a vertex.

(3): Since F is non-empty and, as a convex polytope, has only finitely many
extreme points, the maximum of the linear objective over F is always attained. O]

Implication for the algorithm: Since the optimum always lies at a vertex and
a convex polytope has only finitely many vertices, it suffices to move systemat-
ically from vertex to vertex while improving the objective. This is precisely the
core idea of the Simplex method.




4 Standard Form and Slack Variables

4.1 Converting to Standard Form

The Simplex method operates on the standard form of the LP, in which all constraints
appear as equalities.

Definition: Standard Form

An LP in standard form reads:
max ¢'x unter Ax = b, x>0

mit A € R™*" b > 0.

Converting an inequality to an equality:
For each <-constraint aiTx < b; we introduce a slack variable s; > 0:

ajx+si:bi, SZZO

The slack variable s; measures how far the constraint is from its boundary.

6I1+4I2+81=24
$1+2$2+82:6

T1,%g,51,52 = 0

The LP now has n +m = 2 + 2 = 4 variables and m = 2 equations.

4.2 Basic Solutions and Basic Variables

Definition: Basis — Basic Variables — Basic Solution

Let A € R™*" with m < n.
e A basis B is a selection of m linearly independent columns of A.

e The corresponding variables are basic variables zp; the remaining ones
non-basic variables xy.

e Setting z)y = 0 yields the basic solution: x5 = A;'b.

e A basic solution with 5 > 0 is a basic feasible solution (BFS).

Theorem 2: Vertices and Basic Feasible Solutions

Every vertex of the feasible region F corresponds to a basic feasible solution,
and vice versa.




Proof sketch. A point x € F is a vertex if and only if the active constraints (those with
a, x = b;) together with z; = 0 for sufficiently many j form a unique system — which
is precisely the definition of a basic solution. n

The initial basic feasible solution for our example is z; = x5 = 0, 517 = 24,
sy = 6 (the origin).

5 The Simplex Algorithm

5.1 The Simplex Tableau

The Simplex tableau summarizes the LP compactly. It contains the coefficient matrix,
the right-hand side, and the objective row.

Basis | 1 %2 S1 So b
S1 6 4 1 0 24
S 1 2 0 1 6
z -5 —4 0 0 0

Convention: The objective row contains the reduced costs ¢;. Negative values
¢; < 0 indicate the objective can still be improved.

5.2 Pivot Rules

Definition: Reduced Costs and Optimality Criterion

The reduced costs of non-basic variable z; are:

A BFS is optimal if ¢; < 0 for all non-basic variables z; (maximization).

5.2.1 Choosing the Pivot Column (Entering Variable)

Rule: Dantzig Rule (Largest Improvement per Variable)

Choose as the entering variable x; the non-basic variable with the most negative
reduced cost:
§ = argmin¢;
J

Rationale: Increasing x, by one unit improves the objective by |¢s|. The Dantzig
rule selects the variable with the greatest improvement rate.



5.2.2 Choosing the Pivot Row (Leaving Variable)

Rule: Minimum Ratio Test

For the entering variable x4 compute the minimum ratio:

b;
r=arg min —
1:a;s>0 Qg

The basic variable in row r leaves the basis.

Proof: Feasibility Preservation. Increasing x from 0 to 6§ > 0, the basic variables
change as: B
xBi:bi—ais-Q, izl,...,m

For all xp, > 0 to remain satisfied:

b;
0 < — fiir alle 4 mit a;s > 0
a’LS
The maximum allowable value is 0" = min;. 4,0 7~ b The row achieving this minimum
becomes the pivot row — the basic variable there becomes 0 and leaves. O

5.2.3 Pivot Operation
Let (r, s) be the pivot element a,;. The pivot operation transforms the tableau:

1. Normalize pivot row: Divide row r by a,.:

Zeile, + i - Zeile,
aTS

2. Eliminate in all other rows: For i # r:

Zeile; < Zeile; — a; - Zeile,

3. Eliminate in the objective row:

Zeile, + Zeile, — ¢, - Zeile,

After the pivot, x, is in the basis (unit vector in column s).

5.3 Complete Algorithm

Algorithm: Simplex Method

1. Initialization: Set up the initial tableau (slack variables as basic vari-
ables).

2. Optimality test: Are all reduced costs ¢; < 07 Then the current BEFS is
optimal. STOP.

3. Pivot column: Choose s = arg min; ¢; < 0.




4. Unboundedness test: Is a;; < 0 for all 7?7 Then the LP is unbounded.
STOP.

5. Pivot row: Choose r = arg min;. o, o bi/a;s.
6. Pivot operation: Perform the basis change (x, enters, zp, leaves).

7. Go to Step 2.

6 Complete Example: 2 Variables

We solve Example 1 completely using the Simplex method.
Initial tableau:

Basis I To S1  So b

51 6 4 1 0|24
S 1 2 0 16

z |-=5 =4 0 0]0

Iteration 1: ¢; = —5 is the most negative = x, enters. Ratios: 24/6 =4, 6/1 = 6.
Minimum: 4 = s; leaves. Pivot element: 6.

Pivot: Row 1 +6; then Row 2 —1- Row 1; Row z +5- Row 1.

Tableau after Iteration 1:

Basis | x; T S1 Sy | b

x| 1 2/3 1/6 0|4
sy | 0 4/3 —1/6

—_

= |0 —2/3 5/6 0]20

Iteration 2: ¢, = —2/3 < 0 = z, enters. Ratios: 4/(2/3) = 6, 2/(4/3) = 3/2.
Minimum: 3/2 = s, leaves. Pivot: 4/3.

Pivot: Row 2 -%; then Row 1 —%- Row 2; Row z —i—%- Row 2.

Tableau after Iteration 2 (optimal):

Basis | 1 o $1 S9 b

x| 1 0 1/4 -1/2| 3
s | 0 1 —1/8 3/4 | 3/2

= |0 0 3/4 1/2 |195

All reduced costs > 0: Optimality reached.

x;=3, z5=15 2z"=195




7 Extended Example: 5 Variables, 4 Constraints

max z = d5x1 + 4xy + 3x3 + 624 + 275

621 + 4w + 23 + Dxy + x5 < 240
3x1 + 225 4+ b3 + 4dxy + 35 < 270
5x1 + 629 + 33 + 224 + dzs < 420

211 + 29 + 4x3 + 314 + 225 < 350

xl,...,xg,ZO

After introducing slack variables si,...,ss, we obtain an LP with 9 variables and
4 equations. The Simplex tool computes the optimal solution (for verification).

Note: With 5 variables and 4 constraints, the algorithm may visit up to (Z) = 126
basic solutions. In practice, far fewer iterations suffice.

8 Duality

8.1 The Dual Linear Program

For every linear program — the primal problem - there exists an associated dual
problem. Duality is one of the most fundamental concepts in linear programming.

Definition: Primal and Dual Problem

Let the primal problem be given as:

(P) max c'x unter Ax<b, x>0
Then the associated dual problem is:

(D) min b’y unter A'y>c, y>0

The variables y; > 0 are called dual variables or shadow prices.

Construction rules:

e The dual has as many variables y; as the primal has constraints (m each).
e The dual has as many constraints as the primal has variables (n each).
e The coefficient matrix of the dual is the transpose AT of the primal.

e Primal max — dual min; primal <— dual >.

The primal reads:

max z = 5z +4xy uw.d.N. 6z +4xy <24, x1+225<6, z1,29>0

10



The associated dual:

min w = 24y; +6ys wd.N. Oy; +y2 > 5, 4dy1 +2y2 >4, y1,y2 >0

8.2 Weak and Strong Duality Theorems

Theorem 3: Weak Duality Theorem

Let x be a feasible solution of (P) and y a feasible solution of (D). Then:

c'x<b'y

Proof. Dax >0,y >0, Ax<bund ATy >c:

c'x<(Aly)'x=y'Ax<y'b=b'y

U

Corollary: Every dual feasible solution provides an upper bound for the pri-
mal optimal value. The optimal primal value always lies in the interval [c'x, b"y]
for any feasible x, y.

Theorem 4: Strong Duality Theorem

If (P) has a finite optimal solution x*, then (D) also has a finite optimal solution
y*, and:

CTX* — bTy*

Proof sketch. In the optimal Simplex tableau, the objective row under slack variable s;
contains exactly y; (with correct sign). Since all reduced costs > 0 and all right-hand
sides > 0, y* = chE;l is both dual feasible and optimal. The equality ¢'x* = b'y*
follows from the complementary slackness conditions. O

8.3 Complementary Slackness
Theorem 5: Complementary Slackness Condition (CSC)
x* and y* are simultaneously optimal for (P) and (D) if and only if:

yri-(bi—a x*)=0 Vi=1,...,m (4)
Jt;f-(a;ry*—cj):O Vi=1,...,n (5)

Interpretation:

e (4): If yf > 0 (dual variable active), the i-th primal constraint must be binding

(b; — a/ x* = 0, no slack).

e (5): If x7 > 0 (primal variable active), the j-th dual constraint must be binding.

11



9 Shadow Prices

9.1 Economic Interpretation of Dual Variables

Definition: Shadow Price

The shadow price y; of the i-th constraint indicates how much the optimal
value z* changes when the right-hand side b; is increased by one unit — assuming
the current optimal basis is maintained:

Derivation: In the optimal tableau xj = Az'b. A change Ab leads to:
Az* =cpAR'Ab = (y*)'Ab =) "yr - A,
i=1
Shadow prices can be read directly from the optimal tableau: they appear in the

objective row under the slack variable columns s;.

9.2 Validity Range of Shadow Prices

The linear relationship Az* = y*" Ab holds only as long as the optimal basis remains
unchanged. The validity range follows from the condition A3'(b + Ab) > 0:

(Ag'b),

Abz < {—_—, .
(ABlei)k

} fur alle & mit (Aglei)k >0

In the optimal tableau (after two iterations), the objective row under s; and so
contains:

Interpretation:

e One additional machine hour (b; = 25 instead of 24) increases z* by 0.75
units.

e One additional storage unit (by = 7 instead of 6) increases z* by 0.5 units.

e Both constraints are binding: s7 = s5 = 0. Hence both shadow prices are
positive.

Verification with the dual optimum:

w*=24-346-2=18+3=21=2"V

12



10 Dual Simplex Algorithm

10.1 Motivation

The primal Simplex always maintains primal feasibility (all b; > 0) and seeks dual
feasibility (all ¢; > 0). The dual Simplex reverses this: it starts with a dually
feasible but primal infeasible tableau and restores primal feasibility step by step.

Definition: Dually Feasible Tableau

A tableau is called dually feasible if all reduced costs are non-negative: ¢; > 0
for all j. However, it may be primal infeasible: b; < 0 for at least one .

Typical applications:

e Problems with >-constraints (dually feasible after multiplication by —1)

e Sensitivity analysis: After a change in the right-hand side b, the current
optimal tableau may become primal infeasible — the dual Simplex re-optimises
efficiently.

e Branch & Bound in integer programming

10.2 Algorithm
Algorithm: Dual Simplex
1. Initialization: Set up a dually feasible initial tableau (¢; > 0 for all 7).

2. Primal feasibility test: Is b; > 0 for all i? Then the solution is primal
and dual optimal. STOP.

3. Pivot row: Choose r = argmin; b; < 0 (most negative right-hand side).
4. Infeasibility test: Is a,; > 0 for all j7 Then the LP is infeasible. STOP.

5. Pivot column: Choose s by the dual ratio test:

e

§ = arg min
Jiar;<0 |arj‘

6. Pivot operation: Perform the basis change.

7. Go to Step 2.

Proof: Dual feastbility is preserved. After the pivot operation with pivot element a,, <
0, the reduced cost ¢; changes to:

a .
— _ T _
Cj: j__j'cs
Qrs

Since ¢, = 0 (basic variable before pivot), ¢; for non-basic variables j # s changes as:

- Qrj ~(neu)
€ =6 —— G
Qs

13



Die Pivotspaltenregel s = argmin, ;<o ¢;/|a,;| garantiert ¢; > 0 fiir alle j. O

10.3 Complete Example: Dual Simplex

max z = —2x; — 3 (8quivalent: min 2z + 3x9)

T1+xo2>24 = —11—129< -4
200+ 19 >6 = —2r1 — 13 < —6

x1,22 >0

Initial tableau (after reformulation; slack variables sy, s9):

Basis Al ) S1 S92 b

S1 -1 -1 1 0|4
S -2 -1 0 1] -6

z |=2 =3 0 0] 0

Dually feasible? All ¢; < 0 in the z-row (note signs: —(—2) =2 >0, —(-3) =3 >
0). v

Iteration 1: Pivot row: r = 2 (b, = —6 is most negative). Dual ratios: ¢ /|as| =
2/2 =1, é&3/|ax| = 3/1 =3. Minimum: s =1 (z; enters). Pivot element: ay; = —2.

Tableau after Iteration 1:

Basis | x4 Ty S S b

s |0 —1/2 1 —1/2|—1
x| 112 0 —1/2| 3

z 0 -2 0 -1 6

Iteration 2: Pivot row: 7 = 1 (b = —1). Dual ratios: ¢ /|aa| = 2/(1/2) = 4,
éaflara] = 1/(1/2) = 2. Minimum: s = 4 (s enters). Pivot element: a;y = —1/2.
Optimal tableau:

Basis r1 I9 S1 S9 b

ss |0 1 —2 112
z; |1 1 -1 012

z |0 0 =2 0|8

All b, > 0: Primal and dual optimal.

r1=2 w3=0, 2" =-—8(min 2z 431y =4 = 2, = 4)

14



11 Special Cases

11.1 Unbounded Problem

Definition: Unboundedness

An LP is unbounded if the objective can grow arbitrarily, i.e. supycrc'x =
+00.

Detection: In Step 4: all entries in the pivot column are < 0 — no minimum ratio
exists.

11.2 Infeasible Problem

Definition: Infeasibility

An LP is infeasible if the feasible region is empty: F = 0.

This occurs when constraints are contradictory (e.g. ; < 2 and z; > 5). For
problems with >-constraints no obvious starting basis exists — the two-phase method
or Big-M method is required.

11.3 Degeneracy

Definition: Degeneracy

A BFS is degenerate if a basic variable takes the value 0.

With degeneracy the minimum ratio test may yield 0, so the objective does not
improve (stalling). In the worst case cycling may occur — prevented in practice by
Bland’s rule or the lexicographic rule.

Theorem: Convergence of Simplex (non-degenerate)

Assuming no degenerate BFS occur, the Simplex terminates in finitely many
steps with an optimal solution or a proof of unboundedness.

Proof. Since F has only finitely many vertices and the objective strictly increases at
each step, no vertex is visited twice. The algorithm terminates in at most (:1) steps. [

12 Complexity and Practical Remarks

12.1 Theoretical Complexity

The number of vertices can be exponential in n and m in the worst case (Klee—Minty,
1972). Nevertheless, the Simplex method is very efficient in practice:

e Typical iterations: O(m) to O(3m)

15



e Polynomial algorithms: The ellipsoid method (Khachiyan, 1979) and interior-
point method (Karmarkar, 1984) are theoretically polynomial but slower for many
practical problems.

12.2 Duality

For every LP (primal) there exists a dual LP. The strong duality theorem states: if
both are feasible, their optimal values coincide. The optimal Simplex tableau contains
the dual variables directly in the objective row (shadow prices).

12.3 Practical Remarks

e For very large problems (n,m > 10?), the Revised Simplex or interior-point
methods are used.

e Software: CPLEX, Gurobi, GLPK, SciPy (Python), linprog (MATLAB).

e For integer variables, Simplex alone is insufficient — Branch & Bound is required
(see next chapter).

16



13 Summary

Key Points of the Simplex Method

1. The optimum always lies at a vertex of the feasible region (fundamental
theorem).

2. Vertices correspond to basic feasible solutions — m variables in the basis,
n —m at 0.

3. The Simplex moves from vertex to vertex while always improving the
objective.

4. The pivot column is determined by the most negative reduced cost.
5. The pivot row is determined by the minimum ratio test (feasibility).
6. Optimality: all reduced costs > 0.

7. Unboundedness: pivot column has no positive entry.

8. Termination is guaranteed when no degeneracy occurs.

9. Every LP has a dual LP. At the optimum z* = w* (strong duality theo-
rem).

10. Shadow prices y; measure the value of one additional unit of the i-th
resource.

11. The dual Simplex starts dually feasible and restores primal feasibility
step by step.

12. Complementary slackness: Binding primal constraint < positive
shadow price.

Operations Research — Simplex Method | Introductory Document | English
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