Exercise Collection

Multi-Objective Optimization — Pareto Front and Solution
Methods

English

Wolfgang Boehme

wolfgang.boehme@economic-modeling.de

www.economic-modeling.de

25 October 2026

The documentation on this website was developed with the support of the AI Claude (Anthropic).


mailto:wolfgang.boehme@economic-modeling.de
https://www.economic-modeling.de

Table of Contents

1 Level 1: Easy
Exercise 1.1 . . . . .
Exercise 1.2 . . . . .

2 Level 2: Medium
Exercise 2.1 . . . . .
Exercise 2.2 . . . .

3 Level 3: Hard
Exercise 3.1 . . . . .
Exercise 3.2 . . . .



1 Level 1: Easy

Exercise 1.1 — Dominance Check and Pareto Set

Six solutions are given with two objective functions (both to be minimized):

Solution z; zy Pareto-optimal?

A 2 8 ?
B 4 5 ?
C 6 3 ?
D 3 7 ?
E 5 5 ?
F 19 ?
Tasks:
(a) Determine for each pair whether one solution dominates the other.
(b) Identify the Pareto-optimal solutions.

(c) Plot the solutions on a (z1, 29) diagram and mark the Pareto front.

)
)
)
)

(d) Determine the ideal and nadir point of the Pareto front.

Solution: Exercise 1.1

(a) Dominance check:

Does D dominate A? z;(D) =3 > 21(A) =2 —no (D is worse in z1).

Does A dominate D? z;(A) =2 < 3, 23(A) =8 > 7 —no (A is worse in 2y).
Does B dominate E? z(B) =4 <5, 29(B) = 5 < 5 with z; strictly smaller —
yes, B dominates E.

Does B dominate D? z(B) =4 > 3 — no.

Does C' dominate B? z;(C) =6 > 4 — no.

Does A dominate F'? z1(A) =2 > 1 - no. Does F' dominate A? 2 (F) =1 < 2,
2(F) =9 >8 —no (F is worse in zj).

(b) Pareto-optimal solutions:

E is dominated by B = E is not Pareto-optimal. All others (A, B, C, D, F) are
dominated by no other solution = Pareto set: {A, B, C, D, F}.

(c) Diagram:
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(d) Ideal and nadir point:

id

z'“ = (min 2y, min 25) = (1, 3), 7" = (

max z1, max z2)|p = (6,9)

Pareto set: {A, B, C, D, F}, ideal: (1,3), nadir: (6,9)

Exercise 1.2 — Weighting Method (Simple)

Exercise 1.2

max z; = 3x1 + 2o, max 2o = r1 + 4,

.T1+.’172§4
2{L'1—|-£L’2§6

T1,x0 > 0
Tasks:
(a) Solve for the weights w = (1,0), (0.5,0.5), and (0, 1).
(b) Determine the ideal point.

(c) Which vertices of the feasible region are Pareto-optimal?

Solution: Exercise 1.2

(a) Weighting method:

Scalarized: max w(3z; 4 2x2) + (1 —w)(x; +4x2) = max (2w + 1)z + (4 — 2w)xs
w = 1: max 3x; 4+ 2z5. Vertices: (0,0), (3,0), (2,2), (0,4).

Objective values: 0, 9, 10, 8. Optimum: (2,2), z; = 10, 25 = 10.
w = 0.5: max 2z + 3Ts.



Values: 0, 6, 10, 12. Optimum: (0,4), z; =8, 2o = 16.
w = 0: max xy + 4xs.

Values: 0, 3, 10, 16. Optimum: (0,4), z; = 8, 22 = 16.
(b) Ideal point:

Znax — 10 (at (2,2)), 2595 = 16 (at (0,4)).

74 = (10, 16) (not simultaneously achievable)

(c) Pareto-optimal vertices:

Vertex (0,0): z = (0,0) — dominated by all others.

Vertex (3,0): z = (9,3) — dominated by (2,2) with z = (10, 10).

Vertex (2,2): z = (10, 10) — Pareto-optimal (best z1).

Vertex (0,4): z = (8,16) — Pareto-optimal (best zy).

Pareto-optimal vertices: (2,2) and (0,4). The edge between them is
also Pareto-optimal.



2 Level 2: Medium

Exercise 2.1 — Weighting Method vs. e-Constraint

max z; = 5xq + 4o, min zo, = 3x1 + X9

61 + 4dxy < 24
x|+ 21E2 S 6

T1,22 2 0
This is the example from the theory section.

(a) Calculate three Pareto points using the weighting method (choose w €
{0.2; 0.5; 0.8}).

(b) Calculate three Pareto points using the e-constraint method (¢ €
{0, 5, 10.5}, primary objective: max z1).

(c) Compare the results of both methods.

(d) Calculate the ideal and nadir point.

Solution: Exercise 2.1

(a) Weighting method:
Transformation: max z;, min zy < max (—zy). Weighted: max w - z; + (1 —

w) - (=22).
max w(bx; + 4z2) — (1 — w)(3z1 + 22) = max (8w — 3)z; + (bw — 1)z,

w = 0.2: coefficients (—1.4; 0). Optimum at x; = 0: test (0,3): z; = 12, 25 = 3.
w = 0.5: coefficients (1; 1.5). Maximizing at the vertices: (0,3): 0+ 4.5 = 4.5;
(3,1.5): 34 2.25 = 5.25. Optimum: (3,1.5), z; = 21, 25 = 10.5.

w = 0.8: coefficients (3.4; 3). Optimum at (3,1.5): z; = 21, 2 = 10.5.

w o (2],73) 21 2

02 (0,3) 12 3
05 (3,1.5) 21 105
0.8 (3,1.5) 21 105

(b) e-constraint: Primary: max z1, secondary constraint: zo = 3x1 + 22 < €.
e=0:3r1+22 < 0= 21 =25 =0. 21:0, 29 = 0.

e = 5: additional constraint 3z; + zo < 5. The LP gives ;1 = 1.5, o = 0.5:
21 = 9.5, zp = 5.

e = 10.5: equation 3x,+x5 = 10.5 together with 6z, +4xy = 24 and x4+ 225 = 6:
T = 3, Ty =— 1.5. 21 = 21, Z9 = 10.5.



(c) Comparison: Both methods reach the extreme points (0, 0) with z = (0, 0),
(0,3) with z = (12,3), and (3, 1.5) with z = (21,10.5). The e-constraint method
additionally finds intermediate points on the Pareto front. The weighting method
gives the same point for w = 0.5 and w = 0.8, since the front is piecewise linear
in this region.

(d) Ideal and nadir point:

z9=(21,0), z"=(0, 10.5)

Pareto front: line segment from (z1,25) = (0,0) through (12,3) to
(21,10.5).

Exercise 2.2 — Normalization and Compromise Solution

The Pareto front of a bi-criteria LP (both objectives to be maximized) is given
with the following Pareto-optimal points:

Point 21 Z9

P 20 5
P, 15 10
P, 10 16
P, 4 18

(a) Determine the ideal and nadir point.
(b) Normalize the objective values to [0, 1].

(c) Calculate the Euclidean distance to the ideal point (in normalized space)
for each Pareto point.

(d) Which point is the best compromise solution (minimum distance)?

(e) Alternatively calculate the Chebyshev metric (L., distance) and compare.

Solution: Exercise 2.2

(a) Ideal and nadir point:

79 =(20,18),  z™ =(4,5)

zi—z?ad
id __ _nad
2 T

(b) Normalization: z; =



Point 7 = 428 7 = 228

P $£=1.000 - =0.000
P, 15 =068 3 =0.385

Py 1% =0.375 % = (.846

Py {£=0.000 1 =1.000

(c) Euclidean distance to the ideal point z'4 = (1,1):

da(P) = /(1 - 7)% + (1 — 5)?

(P)) = VOZ+ 1% = 1.000

dy(P3) = v/0.3122 + 0.6152 = /0.097 + 0.378 = v/0.475 ~ 0.689

da(P3) = v/0.6252 4+ 0.1542 = 1/0.391 + 0.024 = +/0.415 = 0.644

do(Py) = V12 + 02 = 1.000

(d) Best compromise solution: P; with ds ~ 0.644 (smallest distance to the

ideal).
(e) Chebyshev metric: d(F;) = max(1 — 2,1 — 2)

Point 1 — 21 1-— 22 doo

P 0.000  1.000 1.000
P, 0.312 0.615 0.615
P; 0.625 0.154 0.625
Py 1.000  0.000 1.000

Chebyshev selects P, (do, = 0.615), Euclidean selects P3. The choice of metric

affects the selected solution!
Euclidean: P;; Chebyshev: P,. Recommendation: P, or P; depending

on preference.



3 Level 3: Hard

Exercise 3.1 — Three Objective Functions: Complete Analysis

max z; = 5x1 + 4xy, max zo = 2x1 + 6x9, min 23 = 3z + 2-

61 + 4dxy < 24
x|+ 21’2 S 6

x1,T2 > 0

(a) Calculate the objective values at all four vertices of the feasible region:
(0,0), (4,0), (3,1.5), (0, 3).

(b) Check each pair of vertices for dominance.
(c) Identify the Pareto-optimal vertices.

(d) Calculate the ideal point.

)

(e) Which vertex is the best compromise solution (Chebyshev, equal weights)?

Solution: Exercise 3.1

(a) Objective values at the vertices:

Vertex x1 9 (21, 22, 23)

E, 0 0 (0, 0, 0)
E, 4 0 (20,8, 12)
E, 3 15 (21,15, 10.5)
E;y 0 3 (12,18, 3)

(b) Dominance check (minimization view: z3 min, —z; min, —zs min):

FEy vs. Ey: E; better in z; and 2o, worse in z3. No dominance.

Eq vs. Ey: Ey better in z; and zy, worse in z3 (0 vs. 10.5). No dominance.

Eqy vs. E5: Es3 better in z; and zy, worse in z3 (0 vs. 3). No dominance.

Ey vs. Ey: z: 20 < 21 (E1 worse), 250 8 < 15 (E1 worse), z3: 12 > 10.5 (El
worse). Fy dominates F!

Ey vs. Es: z1: 20 > 12 (E1 better), zo: 8 < 18 (E1 worse). No dominance.

Ey vs. E3: z1: 21 > 12 (E2 better), zo: 15 < 18 (E2 worse). No dominance.

(c) Pareto-optimal vertices: FE; is dominated by E, = Pareto vertices:
E(), Eg, Eg.

(Note: FEy with z = (0,0,0) may reasonably be excluded depending on the
application, but is formally Pareto-optimal.)

(d) Ideal point:

24 =21 (B,), 22 =18(F3), 2z=0(Ep)



79 = (21, 18, 0) (not simultaneously achievable)

(e) Chebyshev compromise solution: Normalize with nadir (0,0, 12):

21 = 21/21, 22 = 22/18, 23 = (12 — 23)/12

Vertex 23 29 Z3  dyp = max(1l — %)
Ey 0 0 1 1.000
FEs 1 0.833 0.125 0.167
Es 0.571 1 0.750 0.429

Best compromise solution: F, = (3,1.5) with d., = 0.167.

Exercise 3.2 — Non-Convex Pareto Front and Method Compari-
son

Consider a bi-criteria problem whose Pareto front contains the following (dis-
crete) points:

Point 2z (max) 2z, (max)

Q- 0 10
Q- 3 9
Q3 7 7
Q4 9 5
O 10 0

There is additionally a point @* = (5,8) which is not found by the weighting
method.

(a) Verify that Q* is Pareto-optimal.

(b) Show that no weight vector w = (w,1 — w) with w € [0, 1] produces the
solution @* (non-convex front).

(c) Calculate which € value you must choose to find @Q* using the e-constraint
method (primary: max zj, secondary constraint: z > ¢).

(d) Calculate the ideal and nadir point of the entire Pareto front.

(e) Normalize all points and determine the best compromise solution (Eu-
clidean distance).




Solution: Exercise 3.2

(a) Pareto optimality of Q* = (5,8):
Check all other points: @1 = (0,10): 21(Q1) = 0 < 5 = @ is worse in z;.
No dominance. Q2 = (3,9): 21(Q2) = 3 < 5 = worse in z;. No dominance.
Qs = (7,7): 21(Q3) =7 > 5, 22(Q3) = 7 < 8 = not comparable. @, = (9,5):
21 > 5, 23 < 8 = not comparable. Q5 = (10,0): z3 < 8 = not comparable.

No point dominates Q* = Q* is Pareto-optimal.

(b) Unreachability via the weighting method:

Weighted problem: max w - z; + (1 — w) - z5. For @Q* this gives the value
5w+ 8(1 — w) = 8 — 3w.

For Q* to be optimal, we need: 8 — 3w > value of all other points:

8—3w>10—10w=Tw>2=w>2/T~028 (()
8—3w>7T4+0-w="74+71-w)+Tw=8-3w>7T+7T—-Tw=4w>6=w>15 (Q3imy

For Q3 = (7,7): Tw+ 7(1 —w) =7 for all w. For Q*: bw + 8(1 — w) = 8 — 3w.
8—3w>7=w<1/3. Butfor Q4 =(9,5): w+5(1—w) =5+4w > 8—3w &
Tw >3 < w>3/7.

Since w < 1/3 ~ 0.333 and w > 3/7 =~ 0.429 cannot hold simultaneously, there
is no w for which @* is optimal. The Pareto front is non-convex in this
region.

(c) e-constraint: Set z, > ¢ and max z;.

Q" has zo = 8. Choose € = 8: then z; is maximized subject to zo > 8.

The points with 2o > 8 are: QQ1(0,10), Q2(3,9), Q*(5,8).

Maximum z; among these: Q* with z; = 5. ¢ = 8.

(d) Ideal and nadir point (including Q*):

79 = (10, 10),  z™ = (0, 0)

(e) Normalization and compromise solution:
Since nadir = (0,0) and ideal = (10,10): 2; = 2;/10.

Point 21 Z9 1— 51 1— 22 d2

@ 00 1.0 1.0 0.0 1.000
Q: 03 09 0.7 0.1 0.707
Q" 05 08 0.5 0.2  0.539
Qs 07 07 0.3 0.3 0.424
Qs 09 05 0.1 0.5 0.510
Qs 1.0 00 0.0 1.0 1.000

Best compromise solution: (3 = (7,7) with dy = 0.424 — the most bal-
anced point.

@* ranks third with d, = 0.539, but would only be reachable via the
e-constraint method.
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